In this paper we construct the analogue of Dedekind η−function on the moduli space of polarized CY manifolds. We prove that the L 2 norm of η(τ ) is the regularized determinants of the Laplacians of the CY metric on (0, 1) forms.
Introduction
This is the second part of the paper [4] . In this paper we will study the algebraic and analytic discriminants of Calabi-Yau manifolds. We will generalize the notion of algebraic and analytic discriminants of elliptic curves to the case of CY manifolds. Next we will review the notion of algebraic and analytic discriminants for elliptic curves and their relation.
Algebraic Discriminant on the Moduli Space of Marked Elliptic Curves.
The algebraic discriminant of an elliptic curves is defined on the moduli space of elliptic curves which is the quotient of the Teichmüller space by the mapping class group. The Teichmüller space is the upper half plane h := {τ ∈ C| Im τ > 0} and the mapping class group of the elliptic curve is SL 2 (Z) . Thus the moduli space of elliptic curves is PSL 2 (Z) \h . The elliptic curves corresponding to lattices spanned by (1, √ −1) and (1, ρ) , where ρ 3 = 1 and ρ = 1 have automorphisms of order four and six. So the moduli space PSL 2 (Z) \h is a stack. If we consider the moduli space of elliptic curves with a fixed basis in H 1 (E, Z/2Z) , then it is isomorphic to Γ(2) \h , where The group Γ(2) acts on h without fixed points. Thus over Γ(2) \h we have a universal family of elliptic curves with a fixed basis in H 1 (E, Z/2Z) . This universal family can be represented by
So Γ(2) \h = CP 1 − {0, 1, ∞} . The algebraic discriminant ∆ alg (τ ) of the family (1) is given by ∆ alg (λ) = ((1 − λ) λ) 2 .
2. Analytic Discriminant.
The analytic discriminant of the elliptic curve E τ := C /{m + nτ } is just the regularized determinant of the Laplacian ∆ (0,1) (τ ) of the flat metric acting on (0, 1) forms. It is defined as follows: Let 0 < λ 1 ≤ ... ≤ λ k ≤ ... be the spectrum of ∆ (0,1) (τ ). Let ζ ∆ (0,1) (τ, s) :
It is a well known fact that ζ ∆ (0,1) (τ, s) is a meromorphic function on C well defined at 0. Then
It is easy to see that the regularized determinant ∆ (0,1) (τ ) is a function on M 2 . The Kronecker limit formula gives an explicit expression of the regularized determinant: (1 − q n ) , where q = e 2πiτ .
Relations between the Analytic and Algebraic Discriminants of the Elliptic Curves.
On the moduli space M 2 := Γ(2)\h of marked H 1 (E, Z/2Z) elliptic curves, the algebraic discriminant is a section of the line bundle L on M 2 := Γ(2)\h, associated with the principle bundle U(1) → SL 2 (R) → SL 2 (R) /U(1) = h.
It is well known that M 2 is isomorphic to CP 1 − {0, 1, ∞} . The universal cover of CP 1 − {0, 1, ∞} is the upper half plane h. The fundamental group π 1 CP 1 − {0, 1, ∞} of CP 1 − {0, 1, ∞} is the free group with two generators isomorphic to Γ (2) . There is a universal family of marked H 1 (E, Z/2Z) elliptic curves π : E → CP 1 − {0, 1, ∞} ,
given by y 2 = x (x − 1) (x − λ) . The line bundle L on M 2 := Γ(2)\h is isomorphic to the dual of π * ω E/M2 , where ω E/M2 is the relative dualizing sheaf of the family (4) and on π * ω E/M2 we have a natural metric. The local sections of π * ω E/M2 are families of holomorphic one forms ω τ . Then we define
There is a natural compactification CP 1 − {0, 1, ∞} to CP 1 . We can prolong π * ω E/M2 to a line bundle π * ω E/M2 over CP 1 by extendning the holomorphic sections with finite L 2 norm. It is a well know fact that any elliptic curve E τ := C/Λ τ where Λ t is the lattice {m + nτ |m, n ∈ Z, τ ∈ C and Im τ > 0} can be embedded in CP 2 and the equation in the standard affine open set of E τ is given by
The algebraic discriminant ∆(τ ) of the elliptic curve E τ is defined as the discriminant of the polynomial 4x 3 −g 2 (τ )−g 3 (τ ). Thus we get the explicit formula for the algebraic discriminant
The relation between the algebraic discriminants given by (2) and (5) is given by the following; It is a well known fact that Γ(2) is a normal subgroup in PSL 2 (Z) and PSL 2 (Z) /Γ(2) = S 3 , where S 3 is the symmetric group. Thus we have a finite Galois covering
2 is a section ∆ of π * ω E/M2 which vanishes on {0, 1, ∞} . We will call ∆ alg (τ ) the algebraic discriminant of the elliptic curve with fixed basis in H 1 (E, Z/2Z). Let us consider the function π * (∆) on h. Then π * (∆) will be up to a constant equal to the cusp form of weight 12. π * (∆) will be called the analytic discriminant. The relations between the analytic and algebraic discriminants is given by the following interpretation of the Kronecker limit formula:
The Analogue of Baily-Borel Compactification of the Moduli Space of Polarized CY Manifolds
Baily and Borel constructed a compactification of locally symmetric spaces quotient by an arithmetic group by using cusp forms, i.e. automorphic forms which vanish at the cusps. In case of polarized CY manifolds it was proved in [17] that the completion of the Teichmüller space with respect to the Hodge metric is a domain of holomorphy. We proved in this paper that sections of the power of the relative dualizing sheaf with finite L 2 norm are the analogue of cusp forms. We show that some power of the relative dualizing sheaf and its holomorphic sections with finite L 2 norm define a holomorphic embedding of the moduli space M L (M) of polarized CY manifolds into P m0 . The projective closure M L (M) of the image of M L (M) in P m0 will be the analogue of the BailyBorel compactification. We also prove the analogue of Borel extension Theorem, namely any map of (
. This implies that the compactification we constructed is minimal model.
Relations between Algebraic and Analytic Discriminants
The generalization of the relation between the analytic and algebraic discriminant on elliptic curves to CY three folds is done in the last section of this paper and it follows from the proof that the regularized determinants of the Laplacians of CY metrics acting on (0, 1) forms on a CY manifold M are bounded. The proof of the boundedness is based on the computation of the short term asymptotic of the trace T r(exp(−t∆ τ,q )) of the heat kernel of a CY metric for a CY threefold. We established that
and a 0 are constants. As a consequence of this formula we get that there exists a non-zero holomorphic section η ⊗N of the N th power ω ⊗N X /ML(M) of the relative dualizing sheaf such that its
N , where 
Basic Definitions and Notions

Kuranishi Space and Flat Local Coordinates
The following Theorem is proved in [24] :
Theorem 5 Let M be a CY manifold and let {φ i } for i = 1, ..., N be a basis of harmonic (0, 1) forms with coefficients in
has a solution in the form:
where
and there exists ε > 0 such that for |τ [23] and [24] ) .
It is a standard fact from Kodaira-Spencer-Kuranishi deformation theory that for each τ = (τ 1 , ..., τ N ) ∈ K as in Theorem 5, the Beltrami differential φ(τ 1 , ..., τ N ) defines a new integrable complex structure on M. This means that the points of K, define a family of integrable in the sense of Newlander-Nirenberg operators ∂ τ on the C ∞ family K×M→M. Moreover, it was proved by Kodaira, Spencer and Kuranishi that over K there exists a complex analytic family of CY manifolds π : X → K. The family π : X → K is called the Kuranishi family. The operators ∂ τ are defined as follows: Let {U i } be an open covering of M, with a local coordinate system in U i given by {z
Then the operators ∂ τ are given by the following explicit formulas:
Definition 6 The coordinates τ = (τ 1 , ..., τ N ) defined in Theorem 5 will be fixed from now on and will be called the flat coordinate system in K.
The Definition of Hodge and Weil-Petersson Metrics
It is a well-known fact from Kodaira-Spencer-Kuranishi theory that the tangent space T τ,K at a point τ ∈ K can be identified with the space of harmonic (0,1) forms with values in the holomorphic vector fields, which we will denote by
, the trace of the
Mτ at the point m ∈M τ with respect to the metric g is simply:
We will define the Weil-Petersson metric on K as:
Definition 7 Let G be a semi-simple Lie group, K be a maximal compact group and K 1 be a proper subgroup in K. Let us consider the homogeneous space G /K 1 and its projection:
Let us consider the Cartan decomposition of the Lie algebra G of G :
where K is the Lie algebra of K and (11) is orthogonal decomposition of the Lie algebra G with respect to the Killing form K(x, y). Then the Killing form is non degenerate negative bilinear on K and positive non-degenerate form on P. The tangent space
we define the Killing norm of (α, β) as follows:
Thus (12) define an invariant metric on G /K 1 . We will call this metric the Hodge metric on G /K 1 . 
Remark 8 It is easy to see that the Hodge metric on
p : M L (M) → G /K 1
is a well defined and it is a local isomorphism when M is a CY manifold. Then the restriction of the Hodge metric on p (M L (M)) defines the Hodge metric on the moduli space M L (M) of polarized CY manifolds.
In [17] the following Theorem was proved: 
Review of the Results in [18]
Definition 11 
We will call a pair (M; γ 1 , ..., γ bn ) a marked CY manifold where M is a CY manifold and {γ 1 , ..., γ bn } is a basis of H n (M,Z)/Tor.
Remark 12 Let K be the Kuranishi space. It is easy to see that if we choose a basis of H n (M,Z)/Tor in one of the fibres of the Kuranishi family M → K then all the fibres will be marked, since as a C
∞ manifold X K ≅M×K. From now on we will denote by T (M) the irreducible component of the Teichmüller space that contains our fixed CY manifold M.
Theorem 13 There exists a family of marked polarized CY manifolds
Z L → T (M),(13)
Construction of the Moduli Space of Polarized CY Manifolds
Definition 15 We will define the mapping class group Γ 1 of any compact C ∞ manifold M as follows: 
It is a well know fact that the moduli space of polarized algebraic manifolds
Theorem 17 There exists a subgroup of finite index Γ of Γ L such that Γ acts freely on T (M) and Γ\T (M) = M L (M) is a non-singular quasi-projective variety.
Remark 18 Theorem 17 implies that we constructed a family of non-singular CY manifolds π : X →M L (M) over a quasi-projective non-singular variety M(M). Moreover it is easy to see that
. So X is also quasi-projective. From now on we will work only with this family.
Metrics on Vector Bundles with Logarithmic Growth
In Theorem 17 we constructed the moduli space M L (M) of CY manifolds. From the results in [26] and Theorem 17 we know that M L (M) is a quasiprojective non-singular variety. Using Hironaka's resolution theorem, we may suppose that
a divisor with normal crossings. We need now to show how we will extend the determinant line bundle L to a line bundle L to M L (M). For this reason we are going to recall the following definitions and results from [14] . We will look at polydisks 
such that in each U α an estimate of the following type holds:
This property is independent of the covering
The basic property of the Poincare growth is the following:
we have:
Proof:For the proof see [14] .
is good on M if both η and dη have Poincare growth. Let E be a vector bundle on M(M) with a Hermitian metric h. We will call h a good metric on M L (M) if the following holds:
, there exists sections e 1 , ..., e m of E which form a basis of E D r −(D r ∩D∞) .
In a neighborhood
3. The metric h ij =h(e i , e j ) has the following properties: a.
It is easy to prove that there exists a unique extension E of E on M L (M), i.e. E is defined locally as holomorphic sections of E which have a finite norm in h. 
Proof: For the proof see [14] . .
Applications of Mumford's Results to the Moduli of CY
In [19] and [25] the following Theorem was proved: 
Then L 2 is a good metric. According to the results proved in [4] we have
So from (15) , the fact that the L 2 metric is good, Theorem 20 and Theorem 23 we get that the Chern class of the relative dualizing sheaf
where Γ acts in a natural way on the Teichmüller space and it acts by a character
of the group Γ on the fibre C. A Theorem of Kazhdan states that Γ/[Γ, Γ] is a finite group if the rank of Γ is bigger or equal to 2. For CY manifolds Γ is an arithmetic group of rank ≥ 2 according to [22] . From here we deduce that ω 
Proof: Let {φ i } be a basis of harmonic Dolbault representatives with respect to the CY metric corresponding to the polarization class L of
As it was proved in [24] {φ i } defines a coordinate system (τ 1 , ..., τ N ) in the local deformation space K which we will call the Kuranishi space. We know that the CY metric with a fixed polarization class depends real analytically on the coordinates (τ 1 , ..., τ N , τ 1 , ..., τ N ). From here it follows that the regularized determinants det ∆ (0,q) (τ ) depend also real analytically on the coordinates (τ 1 , ..., τ N , τ 1 , ..., τ N ). The main result in [4] is the following Theorem:
Theorem 25
We have:
In [24] we proved the following Theorem:
Theorems 25 and 26 imply that for each point τ ∈ M L (M) there exists an open set U τ such that for τ ∈ U τ and
where f Uτ (τ ) is a holomorphic function in U τ . Let {U α } be a covering of M L (M) by polydisks. Then (17) implies that
Theorem 22 and (18) imply that there exists a global section η
Then (18) implies Theorem 24. We proved the following Theorem in [17] : Proof: The proof of Theorem 29 is based on the following Lemmas: 
Theorem 27 Let T (M) be the completion of the Teichmüller space T (M) with respect to the Hodge metric. Then T (M) is a domain of holomorphy, T (M) is an open and everywhere dense subset in T (M) and T (M) − T (M) is a countable union of complex subspaces.
Definition 28 The arithmetic group Γ acts on the completion T (M) of the Teichmüller space T (M). Let us denote by
M L (M) := Γ T (M) . Let M L (M) be the projective compactification of M L (M) such that M L (M) − M L (M) = D isτ ∞ ∈ D, D − τ ∞ ⊂ M L (M) over D −τ ∞ the restriction of the family X → M L (M) of
the family of polarized CY manifolds on D −τ ∞ has a monodromy group of infinite order in
where D j are the components of D. We will prove that the multiplicities k i are non negative integers. Indeed we know from Theorem 21 that the L 2 metric defined on the line bundle ω X /ML(M) is a good one in the sense of Mumford. So the Chern form
2 ) of the good metric h defined by (14) is a positive current on M L (M). The Poincare dual of the cohomology of the current
where the coefficients k i are defined as in (19) . The positivity of the current 
Since the current
Lemma 30 is proved.
Corollary 31 There exists a section η Proof: Let ω τ be a family of holomorphic n−forms over the disk punctured disk D τ∞ − τ ∞ . We need to consider two cases: Case 1. Suppose that the monodromy operator T acting on
Then the components of (24) are solutions of a ordinary differential equation with regular singular points. Let {γ * i } be the Dirac dual basis of H n (M t , Z) ,
It follows from Poincare duality that the L 2 metric is given by (−1)
The assumption that the monodromy operator is of infinite order implies that if γ 0 and γ k are cycles such that T (γ 0 ) = γ 0 and (
From the assumption that the monodromy operator is of infinite order, and from (25) and (30) we can conclude that
So we proved Proposition 34 in the case the monodromy is of infinite oreder. So we need to consider the second case: Case 2. Suppose that the monodromy operator T acting on the middle cohomology
Then according to the general theory of the monodromy we have that:
ω τ = 0 and lim
Formulas (26) and (28) imply that
So (27) and (29) imply Proposition 34.
Proof: Let X D → D be a family of CY manifolds such that the p(0) = τ ∞ ∈ D ∞ . We need to consider two cases: Case 1. Suppose that the monodromy operator is of infinite order. Let η N be the section constructed in Theorem 22 and η
. From the explicit expression for the L 2 norm of the section η N we see that
where ω τ is a family of holomorphic n−forms defined over the family of polarized CY manifolds obtained from the restriction of the versal family
Thus (30) and (27) 
2. The following inequality holds
Definition 38 A line bundle L on a complete scheme M is semi ample if L ⊗m is globally generated for some integer m > 0.
is a divisor of normal crossing. Let ω X /ML(M) be the line bundle on
and for any τ ∞ ∈ D ∞ and U τ∞ polydisk containing τ ∞ we have
We will need the following Lemma:
is a big, nef and semi-ample.
Proof: According to the Definition 37 we need to show that the following Proposition:
Proposition 41 Let C be any irreducible curve in M L (M). Then we have:
Proof: We proved in [24] that the Chern form of ω X /ML(M) is the imaginary part of Weil-Petersson metric of M L (M). In [25] we proved that the WeilPetersson metric is a good metric in the sense of Mumford. See [14] . According to [14] the Chern forms c k (E, g) )of a good metric g on a vector bundle E define currents which are elements of
is the imaginary part of the Weil-Petersson metric and since h L 2 is a good metric, then the current c 1 ω X /ML(M) , h L 2 is positive. This fact implies that for any irreducible curve C on M L (M) we have
The last inequality implies Proposition 41.
Since h L 2 = L 2 is a good metric on ω X /ML(M) and dd c log h L 2 is the imaginary part of the Weil-Petersson metric, then we have Theorem 2.1.27 proved on page 129 of [16] implies Theorem 39. Before formulating Theorem 2.1.27 we will introduce some notions. Let L be some semi-ample line bundle. We will denote by M (X, L) the semi group
we will denote by Y m = φ m (X) the image of X by the holomorphic map
determined by the linear system |L ⊗m | . 
Extension Properties
Proof: The proof of Theorem 42 is based on the following generalization of Schwarz Lemma due to S. -T. Yau; [28] .
Theorem 42 follows from the following Lemma:
Then lim k→∞ φ(z k , w k ) exists and
Then to apply Theorem 43 we replace M with ( 
can be extended to a continuous map: 
By integrating by parts the expressions in (41) , we obtain:
We can rewrite the integral in the right hand side of (42) as follows:
From the short term asymptotic expansion T r exp −t△ On the other hand, we have 
